Escalares y vectores

Escalares -> Sélo magnitud Vectores -> Magnitud, direccion y sentido

Many physical quantities, such as temperature and speed, possess only “magnitude.” These quantities
can be represented by real numbers and are called scalars. On the other hand, there are also quantities,
such as force and velocity, that possess both “magnitude™ and “direction.” These quantities, which can
be represented by arrows having appropriate lengths and directions and emanating from some given
reference point O, are called vectors.




Vector Addition and Scalar Multiplication

(a+da, b+H, ¢+
A

(ka, kb, k)

(a) Vector Addition (b) Scalar Multiplication

(1) Vector Addition: The resultant u 4+ v of two vectors u and v 1s obtained by the parallelogram law;
that is, u + v is the diagonal of the parallelogram formed by u and v. Furthermore, if (a,b,c) and
(a', b, c") are the endpoints of the vectors uw and v, then|(a + a', b+ b', ¢+ ¢')|is the endpoint of the
vector u + v. These properties are pictured in Fig. 1-1(a).

(11) Scalar Multiplication: The product Au of a vector u by a real number & 1s obtained by multiplying
the magnitude of u by k£ and retaining the same direction it & > 0 or the opposite direction it & < 0.
Also, if (a,b,c) is the endpoint of the vector u, then|(ka, kb, kc)| is the endpoint of the vector ku.
These properties are pictured in Fig. 1-1(b).




Vector Addition and Scalar Multiplication

Consider two vectors u and v in R", say

and v = by, by, ..., b,)

Their sum, written u + v.|1s the vector obtained by adding corresponding components from « and v. That 1s,

u+v=_(a, +by, ax+b,, ..., a,+b,)

The scalar product or, simply, |product, of the vector u by a real number &, written ku, is the vector
obtained by multiplying each component of « by k. That 1s,

ku = kla,,a,,...,a,) = (ka,,ka,, ..., ka,)

multiply the vectors by the corresponding scalars and then add the resultant scalar products to form the
vector

Now suppose we are given vectors ug, u u, in R" and scalars k, k k, m R. We can

v = KUy + kottr + Kz + - - + K, U,

Such a vector v 15 called a |linear combination of the vectors u,, u,, ..., U, .




Lletu= (2.4 —5)and v =(1.—6.9). Then

45) = (1,42,

.,
(c) Letu = 3l and v= | —
4 A

Propiedades de vectores (adicion y multiplicacién por un escalar)
i) (u+v)+w=u+ (v+w), (V) k(u + v) = ku + kv,

(i1) u+0=u, (vi) (k+K)u=ku+ku,

(i) wu+ (—u) =0, (vir) (kk™jw=k(k™u),

(1v) u+v=uv+u, (vin) lu = wu.

60)




Dot (Inner) Product

- s . . 1 n
Consider arbitrary vectors u and v in R"; say,
#= E Uiv;
=1

u=(a;, a,...,a,) and v=_by,bs,...,b,)
dot product or inner product or scalar product of u and 1 is denoted and defined by
u-v=ab, +ab,+---+a,b,
That 1s, - v 1s obtamed by multiplying corresponding components and adding the resulting products.

The vectors « and v are said to be|orthogonal (or perpendicular) it their dot product 1s zero—that 1s, 1f

u-v=1uv-u,
(11) ] ) (v) w-u>=0andu-u =01t u = 0.

u-(kv) = (kv)-u=k(v-u)=klu-v)




(a) Letu=1(1,.—-2.3), v=(4.5.—1)., w=(2.7.4). Then,
u-v=14)-2(5)+3(-1)=4-10-3 =
u-w=2-=144+12=0, v-w =284 35

Thus, ¥ and w are orthogonal.

2 3

3
(b) Let u = 3{andv=|—-1|.Thenu-v=6—-—3 +8 = 11.

—4 —2

(c) Suppose u=(1,2,3.4)and v = (6,k, —8,2). Find & so that ¥ and v are orthogonal.

First obtamu-v =6 +2k— 24+ 8 = —10+ 2k. Then set « - v = 0 and solve for k:

104+ 2k =0 or 2k = 10 Or k=235




8). Find:

Let u =

(a) Su— 2uv,
(b) —2u + 4v

Write the vector v = (1,
uy, = (2, —1,1).

Find & so that ¥ and v are orthogonal, where:
(a) u=1(1%k —3)and v = (2. —5.4).

b)) u=(2.3k,—4,1.5) and v = (6, —1,3,7.2k).




Write the vector v = (1, —2,5) as a linear combination of the vectors u; = (1,1, 1), u, = (1,2, 3),
u, = (2, —1,1).

We want to express v 1n the form v = xu; + yu, + zu; with x,y, z as yet unknown. First we have

l
3

1 1 1 271[x
[—2%[1 2 —1‘ M b=Ax Al1b=Ax] Allb=A1Ax
1 3 11lz

5
1 0 0
A'lA=I=(0 1 0 Alb =x
0 0 1
Find k& so that « and v are orthogonal, where: .
(@) u=(1,k,—3)and v = (2, —-5.4), 0= Zuivi 0=uvy + kv, + uzv;
—

(b) u=1(2.3k,—4.1.5) and v = (6, —1.3,7.2k). '




Norm (Length) of a Vector

The norm or length of a vector « in R”, denoted by ||u||, is defined to be the nonnegative square root of

u - u. In particular, if u = (a,,a,, ... ,a,), then n

i=1

— [ a " N lu|| = Zuiui
|| = u-u= Vatat---+a,

That is, |u|| is the square root of the sum of the squares of the components of u. Thus, ||u|| = 0, and
— () 1f and onlv 1if u = 0.




Determinantes

|
by .
; ) is defined as:
4

- : - L - . (a
I'he determinant of the general 2 by 2 matrix A = { )

a, . b
det(A) = ad — bc N, Mminus

det[A] = 3(4) — 1(1) = 11




Determinantes

dijp Ai2 4i3
A =021 04zz g3 det[A] = ay1(az2a33 — az3a3z) — asx(aziass — azzasy) + ag3(az1as; — azzass)
d3z; dzz dz3
7
/
’
’
/'
/ a) Dos renglones de la matriz son multiplos o iguales
/7 b) Dos columnas de una matriz son multiplos o iguales
,/ c) Un rengldon o una columna son Cero (si la matriz no es cuadrada)
I?
y
Kd
’
L,

La expansion de Laplace para el determinante de una matriz A de (nxn)
n
det[A] = Z(_l)i+jaijMij Vi
=1

M;; es el determinante de la matriz (n-1) x (n-1) que resulta de remover el renglon iy la
columna j de la matriz A

(—1)"*/M;; es el cofactor para el elemento a;; de la matriz A



La expansion de Laplace para el determinante de una matriz A de (nxn)
n
det[A] — z(—l)i-l-jaijMij Vi
=1

M;; es el determinante de la matriz (n-1) x (n-1) que resulta de remover el renglén iy la
columna j de la matriz A

(—1)"*/M;; es el cofactor para el elemento a;; de la matriz A

det[A] = Z(—niﬂauMU V i = det[A] =2(-18) +3(2) + (-9 (4)
=1

: +0(—11) + (—4)(14) + 2 (5)

+1(=10) 4+ (=1)(—4) + 5(-8)

det(4) = —40+6+0—16+4 +0 = —46



Cross Product

i j k n
axb = a, a, dasz| = (—1)l+187’ltijMij Vi
1

by by bs J= ent;; : entrada ij

axb = (a2b3 - a3b2)i — (a1b3 — agbl)j + (a1b2 — azbl)k =cC

i j k n .
bxa= b1 b2 b3 = z(—l)‘“entUMU Vi
a, da, das j=1

bxa= (b2a3 — bgaz)i - (b1a3 - bgal)j+ (b1a2 — bzal),k = —C

Remark: The cross products of the vectors i. j. K are as follows:




Cross Product

i j k n
axb = a, a, az| = (—1)‘+JentijMij Vi
1

by by bs J= ent;; : entrada ij

axb = (a;b; — azgby)i — (a;bz —azby)j+ (a;b, — azb1)k =C

La magnitud del vector c =axb
lax bl = [lallllbll sen 6

6 es el angulo entre los vectores a y b



Ax =#xTA

Matrix vector vs vector matrix multiplication

El vector transpuesto de un vector columna es un vector rengldn

- air - Qim\ /%1 V1 &
AX:y y = ( )( ) — : Vi = zaijijizl:z;---»n
Yn

An1 -+ Aum/ \Xm J=1
El producto de un vector por una matriz (x! A) esta definida si:

el # de columnas del vector X es igual al # de renglones de la matriz A

m

— .
AQni1 - Qmn J=1

Ax = xTA solo si A es simétrica

aigx . Qapn .
xTA =z Zz= (X1 .. xXp)| : =(2; .. Zy) Z; = ij aj; Vi=12,..



A matrix A over a field K or, simply, a matrix A (when K 1s implicit) 1s a rectangular array ot scalars
usually presented in the following form:

ﬂ':] EI_‘:-_':- . EI_‘:«,E

A=

i (1 (0 . u (1

M _

The rows of such a matrnix 4 are the m hornizontal lists of scalars:

[TE:E]].EI]_':-. ....EI],E}. [TEI_':-].EI_':-_':- ..... EI:,E}. . [TEI,?I,].EI 2

and the columns ot A are the n vertical hists of scalars:

o0 (9 1,

)

| . _




Matrix Addition and Scalar Multiplication

Let A = |a;| and B = |b,.| be two matrices with the same size, say m x n matrices.

The product of the matrix 4 by a scalar &, wntten k-4 or simply k4, 15 the matnx obtamned by
multiplying each element of 4 by k. That 1s,




Reglas de la adicién (sustraccién) de matrices del mismo tamafio y de la multiplicacién de estas por un escalar

Consider any matrices 4. B. C (with the same size) and any scalars k and k'. Then




Matrix Multiplication

The product AB of a row matrix 4 = |g¢;| and a column matrix B = |b,| with the same number of
elements 1s defined to be the scalar (or 1 > 1 matrix) obtained by multiplying corresponding entries and
adding; that 1s,

|

=I‘f'_l'r--"'_ 1 H_‘.il'r--"_‘.i = I'f._l'r"'_ == T I."!.,p';h,p';

K

(a) |7,—4.5]

(b) [6.—1.8.3]




Matrix Multiplication

Suppose 4 = |a;;| and B = |b;.| are matrices such that the number of columns of A is
equal to the number of rows of B: say, A 18 an m x p matrix and B 1s a p ® n matnx.
Then the product AF 15 the m x n matrix whose j-entry 1s obtained by multuplying the
ith row of 4 by the jth column of B. That 1s,

The product AB 15 not defined if 4 15 an m x p matnx and B 15 a ¢ ¥ n matrix, where p == g.




Matrix Multiplication

Let A, B, C be matrices. Then, whenever the products and sums are defined,
(1) (AB)C = A(BC) (associative law),

(1) A(B+ C)= AB + AC (left distributive law),

(m) (B + C)d = BA + CA (nght distributive law),

(1v) k(AB) = (kd)B = A(kB), where k 1s a scalar.

AB #B A

A B = B A solo si Ay B son simétricas




Transpose of a Matrix

The transpose of a matnx A, written 4", 15 the matrix obtained by wrniting the columns of A4, in order, as

rows. For example,
4 ]
3 and ' ]

In other words, if 4 = |a;| is an m x n matnx, then 4" = |b;| is the n x m matnx where b, = a...

Observe that the tranpose of a row vector 18 a column vector. Similarly, the transpose of a column

vector 18 a row vector.

Let 4 and B be matrices and let & be a scalar. Then, whenever the sum and product are
defined,

- -

(1) (A+B) =4° (i) (kd) =kA",

(iv) (4B)" =BTAT.

. la transpuesta del producto de dos matrices
es igual al producto de las matrices transpuestas llevando a cabo la
multiplicacidn en el orden inverso



Diagonal and Trace

Let A = |a;;| be an n-square matrix. The diagonal or main diagonal of A consists of the elements with the

same subscripts—that 1s,

a1, dy. dyz, ' ua typ

The trace of A, wniten tr{4 ), 1s the sum of the diagonal elements. Namely,

tr{d) = ay +ay + a3 +--- +a,,

Suppose 4 = |a;| and B = |b,| are n-square matrices and & is a scalar. Then

(i) tr(d+B)=1tr{d) +tr(B), (iii) tr(d7) = tr{4),

(i1) tr(kd) = ktr(4), (iv) tr(dB) = tr(BA).




Powers of Matrices, Polynomials in Matrices

Let A be an n-square matnx over a field K. Powers of A are defined as follows:
2 3 2 n41 n i 0
A= AA. A" = A°A. e A = A"A. e and A" =1
Polynomials in the matrix 4 are also defined. Specifically, for any polynomial
. i 54
flx) =ay+ax~+ax+-- +ax"

where the a, are scalars in K, f(4) 18 defined to be the following matnx:

o0 2 n
fld)=ayl +ayd +a, A" +-- -+ a A"

n



Inverse Matrix

Let 4 be any square matrix. Then

A(adj 4) = (adj A)A4 = |A|I

A(adj A) = |A| I

A (adj A) B
|A|

()

(adj 4), 1s the transpose of the matrix of cofactors of 4

where [ is the identity matrix. Thus, if [4| # 0

-1

(adj A) _
ar -




(adj A), 1s the transpose of the matrix of cofactors of 4

(—1)'*/M;; es el cofactor para el elemento a;; de la matriz A

el — hf
Adj(A) =| =di+gf ai—gc
dh—ge —ah+bg




T 1

[ v o1r _ ]
[el-n]  —blThC

[ pe——— R TR,
! ] 1 T 1 I -’ -t
ael+cdh+bfg-ceq - ahf - bdi| |, .

be e T \dh-ge -ah+hg




The cofactors of the nine elements of 4 follow:

18 —11 —10
adjd=| 2 14 —4

det(d) = -40+6+0—-164+440=—46







wvalues and Eigenvectors

Definition: A scalar A 1s called an eigenvalue of the n x n matrix A 1s there 1s a nontrivial solution
x of Ax = Ax. Such an x 1s called an eigenvector corresponding to the eigenvalue A.

Ax

Ax — Ax
Ax — AMx = C

(A — M )x




The Characteristic Equation

A scalar A 1s an eigenvalue of an n x n matrix A it and only 1t A satisfies the characteristic
equation

det(A — AI) = 0.

(2—2)(3—A)=0 impliesii =2 or A =3



Eigenvectors

3—A)=0 impliesh; =2 o0r A =3

From the bottom equation we have x = —

— swhere s :t:L]

—x+0=0, x+0=0




TR
b:] 0 xJ { 0

det(A — A\I) =
— (0)(=A)(=8) — (0)(6)(3 — A) — (—A)(0)(6)

Setting this equal to 0 and solving for A, we get that A = 0, 2, or 3. These are the three eigenvalues of




The roots 4; =5 and 4, = —2 are the eigenvalues of A4

The elgenvectors belonemme to 4, = 5
L. L. L ]




l ] k n .
axb = a, a, az| = (—1)‘+JentijMij Vi
b1 bz b3 J=1

D=zaxbxc

= j k |
al a2 a3 d4
bl b2 b3 b4
cl c2 c3 c4



Aplicaciones de la derivada (Optimizacion )

Un problema de optimizacion consiste en minimizar o maximizar el valor de una variable. En otras
»alabras se trata de calcular o determinar el valor minimo o el valor maximo de una funcién de una
F

variable.

Se debe tener presente que la variable que se desea mmimizar o maximizar debe ser expresada como
funcion de otra de las variables relacionadas en el problema.

En ocasiones es preciso considerar las restricciones que se tengan en el problema, ya que éstas gen-
eran igualdades entre las variables que permiten la obtencion de la funcién de una variable que se

quiere MINIMizar o maximizar.



En este tipo de problemas se debe contestar correctamente las siguientes preguntas:

o ;Qué se solicita en el problema?

e ;Qué restricciones aparecen en el problema?

La respuesta correcta a la primera pregunta nos lleva a definir la funcién que debera ser minimizada
0 maximizada.

La respuesta correcta a la segunda pregunta dara origen a (al menos) una ecuacion que sera auxihar
para lograr expresar a la funcién deseada precisamente como una funcién de una variable.




Hipotesis. Si fix) es una funcion continua en el intervalo (a,b), x; es el unico
punto critico en ese intervalo y fix) es derivable en (a,b). entonces:

Tesis. El punto critico {:r;l.L_,r"{j.rlj}_} se puede clasificar de acuerdo con la
siguiente tabla:

Signo de f'(x) en (a.x,) Signo de f(x) en (x,.D)

f{x1) es un maximo

fix1) es un minimo

Hipotesis. Si ffx) es una funcion que tiene primera y segunda derivada en un
intervalo (a,b) y tiene un punto critico en x = x}.

Tesis. El punto critico [::r;l.__,r"u:jjxl]} puede clasificarse de acuerdo con el
siguiente criterio:

- Si

f'(x1) = 0. fix) tendra un minimo en x;, porque es concava hacia arriba.

f7’(x1) < 0. fix) tendra un maximo en xj, porque es concava hacia abajo.

Si




Ejemplo 10.1.1 Una caja con base cuadrada y parte superior abierta debe tener un volumen de 50 cm”.
Encuentre las dimensiones de la caja que minimicen la cantidad de material que va a ser usado.

El drea de la caja sin tapa:

A=x*+4xy.

Esta es la cantidad de material que deseamos que sea minima; vemos que es una funcién de dos
variables.

Despejamos y de la restricciéon dada, esto es, de la férmula del volumen:




Sustituimos en el area y obtenemos una funcadén de una sola variable:

B 1 500 o
Ax)=x" + 4x (—) X = x° 4+ 200x" ",
X, X

fw) =cx™ - f'(x) =cnx™1x’

| . 200 2x* —200
A(x)=2x = 200x" " = 2x — —_—

Calculamos puntos criticos:

A'x)=0 = 2x*—-200=0 = x-

*y&V =50 = x = /100 = 1001/3
x*y; esta igualdad relaciona las variables del problema. e (1001/3)2

o -,' Ty

A"(x) = 2+ 200 (;1

X







Ejemplo 10.1.5 Se desea construir un recipiente cilindrico de metal con tapa que tenga una supetficie total

de 80 cm*. Determine sus dimensiones de modo que tenga el mayor volumen posible.

Se desea maximizar el volumen V = nr*h que depende de dos variables r & h
Se sabe que el drea total 4 = 2xr* + 2nrh debe ser igual a 80 cm?.
Es decir, se sabe que 2nr? + 2xrh = 80.

L , _ . 40 — 7r?
2or- 4 2orh 80 = ar-+arh=40 = arh=40—-nar- = h= ——
or

r40 —nr?) = V(r)=40r — oxr’ que es la funcién a maximizar.

V" (r) = —6mr =~ —6m1(2.0601) < 0




Ejemplo 10.1.7 Dos poblados P, y Py estan a 2 km y 3 km, respectivamente, de los puntos mds cercanos A y
B sobre una linea de transmision, los cuales estan a 4 km uno del otro. Si los dos poblados se van a conectar
con un cable a un mismo punto de la linea, ;cual debe ser la ubicacion de dicho punto para utilizar el minimo
de cable?




Sea C el punto de conexi6n ubicado, digamos, a x km del punto A y por supuesto a 4 — x km del
punto B.
S1/ es la longitud del cable utilizado para conectar P, yv Py con C, entonces:

La funcién a minimizar es:

—_—

i 1 r l
I(x) = VX2 4+44+/(@-x)2+9=(x?+4)2+ (4—x)* + 9|2

Derivando y obteniendo puntos criticos:

B 4—x
244 J(@-x)2+49




Elevando al cuadrado ambos miembros de la igualdad:

Cld—x) 49 =@4—x) @ +4) = XEd—-x0) 4+ =x"E4-—x) 7 +44—-x) =
= Ox? :4{4— ¥) = xP=4(16—8x+x%) =
= 02 =64—-32x+4x? = 5x?+32x—-64=0.

Esta ulhhma ecuacion tiene por soluciones:

X =

—32 4+ 41/(32)2 — 4(5)(—64) _ —32x /2304 —32 £ 48
2

(5) - 10 10
De donde se obtienen dos puntos criticos que son:

—32 + 48 16 ) —32 — 48
X, = = — 1.6 asi como x, = —
10 10 10

Claramente el valor x> = —8 < 0 es descartado y sélo consideramos x; = 1.6.

entonces /"(x) > 0 para cada x. En particular /"(1.6) > 0, por lo que /(x) es minima cuando x = 1.6
km.




Puesto que 0 = x = 4, calculemos los nameros /(0), /(1.6) y [(4) a manera de ejemplo:

0)= V02 +4+/(4—-02+9=2+V25=2+
1(1.6) = \/(1.6)2 + 44+ /(4 — 1.6)2 + 9 = /6.56 + /14.76 = 6.4

I(4) = """l' + 4 + "., (4—4)2 +9 = \-E + 3= 75.

Se ve pues que /(x) es menor cuando x = 1.6 km, siendo la longitud mimima del cable igual a 6.4 km
aproximadamente.




Ejemplo 10.1.8 Se requiere construir un oleoducto desde una plataforma marina que esta localizada al norte
20 km mar adentro, hasta unos tanques de almacenamiento que estan en la playa y 15 km al este. 5i el costo
de construccion de cada km de oleoducto en el mar es de 2000000 de dolares y en tierra es de 1 000000, ;a
qué distancia hacia el este debe salir el oleoducto submarino a la playa para que el costo de la construccion sea

minimo?

Consideremos que la plataforma estd en P y que T es el punto de la playa mas cercano a ella; que
A es donde estdn los tanques de almacenamiento y O es el punto de la playa donde debe de salir el

oleoducto submarimno.
S1 x representa la distancia del punto T al punto Q, entonces considerando el triangulo rectangulo
PTO:

— x7 4+ (20)* = z = v/x2 + 400,

que es la porcién de oleoducto submarino; 0 A = 15 — x es la porcion de oleoducto en tierra.




El costo de construir z kilometros de oleoducto submarino, a razén de 2 000 000 de délares por km es
de 2z millones de délares y el costo de construir 15— x km de oleoducto terrestre, a razén de 1 000 000
de délares por kmes 1- (15 — x) millones de dolares. Entonces, el costo total de la construccion del
oleoducto (en millones de délares) es

1
E

C=2z2+(15—x)= 2‘-.,1* +400+15—x = Cix)= 2‘-.,1* + 400 4+ 15— x = 2(x* 4+ 400)>

+ 15—x




2x
v x2 4+ 400

N - Ty
2X X
> — =]

1

C'(x)=2 ( ) {j.ﬁ;g + 400)

I

C'x)=0 = C'(x) = —— ) = — =1 =
v x=— 400 V= 4+ 400

= 22X = /X2 4400 = 432 = x2 + 400 = 3x% = 400 =
400

3

— X

> x°




—2x? 4+ 2(x? + 400) 800

(x2 + 400)3 (x2 4+ 400)7

Vemos que C "(x) > 0 para cualquier x.
. . . 20
Por lo cual C(x) tiene un minimo local estrictoen x = —.
V3
Ahora bien, no debemos olvidar que 0 = x = 15.
¢Cual serad el costo C(x) en los casos extremos x = 0y enx = 157

Ya que C(x) = 24/ x? + 400 + 15 — x, entonces

C(0) = 2+/400 + 15 = 55
20 [400 20 [400 £3600 20 [4000 20
C 15

—

1400+ 15— — =24/ +15— = =2/
N TR V RV

Y

v’ﬁ W 3

) JE000 o
“q L 15— 2~ 456167

C(15) = 24/2254+ 400 + 15— 15 = 50.

El costo minimo de la construccion del oleoducto es de 45.6167 millones de doélares y se tiene cuando

20
— ==z 11.547 km.
V3
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Ejemplo 10.1.3 Ln terre tiene ia forma de un rectanguio con dos semicirculos en 1os extremos. 5i
SR [ e L T T g owrear dear Tac Aver oot caroe Aol forrons a #1mem e oot o e 1A
||.'l'. ! |'|I||Il'.IJ|I'.II @£ IJI‘.lI VEHD €5 A€ :ll:l |I||II EHL |.."|||IJ|I-:‘||I IS AP e siones gel IJI'. rrevo IE:II-IIII-H -:-lll‘lll. IJI'. Hod e dreq maxitng.

El drea del terreno es

El perimetro, P = 50 m, estd dado por P = 2y + Zrx, por lo que

I 50— 2wx
2y+2ax =50 = y= ———=125—nmx.

5i sustituimos este valor en la férmula del drea, la tendremos expresada como funcién de una vari-
able x:

J = =¥

e Y e Y -k - ' . ¥ - il
Alx) =2x(25 —7x) + 7x° = 50x + ) T,

Su punto critico se obtiene cuando A’ (x) = 0. Esto es:

Como A"(x 'w < (), se trata en efecto de un méaximo; ademds y = 25 — 7— = (0, es decir, el
"

drea maxima se obtiene cuando el terreno tiene la forma circular.



Ejemplo 10.1.11 Un trozo de alambre de 10 m de largo se corta en dos partes. Una se dobla para formar un

~radrada u Ta abva nara Swmar un aneula equildtern Hallar céma debe cortaree of alambee de mndo ae o
cuadrado y la ofra para formar un naguio equilatero. Hallar como debe cortarse el alambre de modo que el

ared encerrada sen:

.]I . Jhl'.fl.-l;...l.-ll.llul i"T _———————— 10

J;III-"f |'. |I r |.|I .I i‘ll-ll s
Alambps

1

La parte x del alambre se usa para el cuadrado, por lo tanto cada lado tiene longitud —

La parte 10 — x del alambre se usa para el tridngulo equildtero, por lo tanto cada lado tiene longitud
oF s 5 5

-
A

Iridi o il Atero

Cuadrado




El drea del cuadrado es

El drea del trie‘iﬂgu]-:..b es

I W V3 .
Ar(x) = < x base x altura = - x < (10—x) x — (10 —x) = —(10— x)".

3 [ &) 40

El drea de ambas fj,t__:,'u ras es

Alx)= Ar(x)+ Ac(x) = Li 10— x)°

b

Esta es la funcidn a la cual deseamos calcular sus maximo vy minimao.

Nitese que el dominio de esta funcién es D4 = [0, 10] (la longitud del alambre es de 10 m).

Calculamos la primera derivada:

Vi l
— % 2{10—x)(-1)= —x — —




Puesto que al calcular la segunda derivada obtenemos:

0+ 443
A'lx)= — = 0.

7
{

entonces el punto critico anterior es un minimo local.

Calculamos la funcién A(x) en los extremos de su dominio:

100
Al = *: — 100 == 481125y A(10) = — = 6.25.
.‘”l |I'|

Vemos entonces que la méixima drea encerrada es cuando x =

= 10, es decir, cuando sélo se construye
el cuadrado.

Y la minima drea encerrada es cuando x =

4.34965, caso en el que se construyen ambas figuras.



2.- Un rectdngulo estd inscrito en el primer cuadrante (x » O, y » 0) de un eje coordenado
(x,y). La base se encuentra sobre la linea del eje x (y=0) y la altura sobre la linea del eje y
(x=0). 5i el vértice superior derecho del rectdngulo toca un punto de la linea y = (6 - x)/2,
cudles son las dimensiones del rectdngulo para que su drea sea mdxima,

Fimau=A=xy

Siy=z(6-x)/2 = (x=6,y=0)

Por lo tanto las dimensiones del rectdngule deben cumplir con:
O<x<6

O<«y<3




Az x(6-x)/2=3x-05x"

A'=3-x,A=3-x=0 = Elpunto critico para A es x = 3

A" =-12> x = 3 es un maximo
y(3)=(6-3)/2=15
Las dimensiones del rectangulo son:

x=3

y=15



Encuentra el rectdngulo de drea maxima A que puede ser inscrito en la porcion
de la pardbola y* = 4px intersectado por la linea punteada vertical x=a.

| 1]_.'I L] .F
A=2vla-x)=2yvia=—)=2ay—*
ya=9=2na= ) ;

Solving dA/dy = 0 yields the critical value y = \/4ap/3.

a-x=a-yidp=2al3
dA 3 o - .. _
Sin¢e i = — = y <0, the second-derivative test and the uniqueness of the critical value ensure
-}.1' D ’
that we have found the maximum area.




Differential Equations

A differential equation 1s an equation involving an unknown function and

its derivatives.

A differential equation is an ordinary differential equation if the unknown
function depends on only one independent variable. If the unknown func-
tion depends on two or more independent variables, the differential equa-
tion 1s a partial differential equation.

The order of a differential equation is the order of
the highest derivative appearing in the equation.

A solution of a differential equation in the unknown function v and the
independent variable x on the interval % is a function y(x) that satisfies
the differential equation identically for all x in 9.




Separable Equations
FIRST-ORDER Homogeneous Equations
DIFFERENTIALJE"" S0 .t Fquations
EQUATIONS Linear Equations

Bernoulli Equations

Homogeneous Equations

Separable Equations The homogeneous differential equation

A(x)dx+ B(yv)dy =10

j A(x)dx + J B(y)dy = ¢




Linear Equations

Vi+ p(x)y=q(x)

Exact Equations

M(x, v)dx + N(x, v)dv =10

Is exact if there exists a function g(x, v) such that

dg(x, v) = M(x, v)dx + N(x, v)dy

[(x)q(x)dx +c

V=
" I(x)
IM(x,y) _ ON(x.y) =

dy 0).4




Bernoulli Equations

A Bernoulli differential equation has the form
..' P P H
v+ p(x)y=q(x)y

where n 1s a real number. The substitution

transforms 2.24 into a linear differential equation in the unknown func-
tion z(x).







The homogeneous differential equation

dy .
——=Jxy)

dv  Xxv+x
VX —=—
dx X

v=Inlxl-c¢ c=—Inlk]|

v=xlInlkx|




2xvdx +(1+x%)dy=0 ) = 2xy We now determine /(y)

g(x.v)=x"y+h(y)

dM /dy=0dN/odx=2x |
dg/dyv=x"+h'(y)

X+ h y)=1+ x*

- dg ¥ . . ) .
] = c‘h‘z]l‘a}'c‘h‘ e(x,v)=x"v+h(y)

Y odx

Note that when integrating with respect to x, the constant (with respect to h(v)
x) of integration can depend on vy. ! {,1" ) = ) T |

gx.y)=x*y+y+c,



Vi+(4/x)y= x? V' + p(x)y=qg(x)

[ I(x)g(x)dx +c
V= S TE
| I(x)

. -4 |
p(x)dx = ] —dx=4InlxI=1Inx"
- - _1'

S | plx)dx
l(x)=e¢ ] =







LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER
ORDER WITH CONSTANT COEFFICIENTS
A differential equation of the form

d” :"r' N .
4, —— + ..+a v=2X A1)
dx” -
where X is a function of x and a,, a, ..., a_are constants is called a linear differential equation of
n'" order with constant coefficients. Since the highest order of the derivative appearing in (1) is n.
it is called a differential equation of n'™ order and it is called linear.

Using the familiar notation of differential operators:
) i i
n = —., =
dx dx-
Then (1) can be written in the form

II.'..'.l.- I|II I_}J .,'| -T\'
Then (1) can be written in the form

where FiD)

=D"+aq D' +a
(D"+a, D" '+a, D%+ . a)ly=X

Here f(D) is a polynomial of degree n in D



SOLUTION OF A HOMOGENEOUS SECOND ORDER LINEAR
DIFFERENTIAL EQUATION

We consider the homogeneous equation
d Y 4 .f1£+m' =0 (D" + pD + q) ¥ . )
dx>  odx m +pm+q =0
where p and g are constants

Auxiliary equations (AE.) put D = m
There are three cases

Case (i): Roots are real and distinct

[ 4

The roots are real and distinct, say m, and m, i.e

Hence, the general solution of egn. (1) is

_1- — .['_"'I ‘-_.--'I.'-_.I.' + {'_": L.

Case (ii): Roots are equal

The roots are equal ie, m, =m, = m.
Hence, the general solution of egn. (1) is

y = (C, +C,x) ™

Case (iii): Roots are complex
The Roots are complex, say o = i

Hence, the general solution is

y =" (C cos px+ C,sinpx)



Given equation is (I’ — 5D + 6) vy =0

(im-=2) (m-=23)
Fiil

Mn
! I

The roots are real and distinct

The general solution of the equation is

:l.' = LHI L_Il; +




v d’y v
: 'i.—“—'.,—a.it—'+4}':f..
dx dax” dx

Given equation is (D° — D* —4D + 4) vy =0

mm—-1 -4 (m-1)
(m — 1) (m® = 4)
i

m I

~. The general solution of the given equation is

-"||' i [.ﬁ' _|_ ":'_ f_ljl _|_ {':'1 ‘-__I :.l.'-




(D + 8D + 16)y = 0

m +8m+16 = 0

(m + 4)°

m+4) (m+ 4)

m

. The general solution is




This is the form o + if where =0, p = w.

~. The general solution is

LI e . T - o f
? l.{'_l cos wi + C, sin wi)

y = C, cos wt + C, sin wr.




(D* + 4D + 13)y =

AE. is m+4dm+ 13 =0

—2 % 3i (of the form o £ if)

general solution is

y = ¢~ (C, cos 3x + C, sin 3x).




TEMPERATURE PROBLEMS

Newton's law of cooling, which is equally applicable to heating, states that the time rate of change of the
\ .~ - . .

temperature of a body is proportional to the temperature difference beiween the body and its surrounding
medium.

”I']r'.-l |IlI = _IE..I ..|rl - -ll iy |

GROWTH AND DECAY PROBLEMS

Let V(1) denote the amount of substance (or population) that 1s either growing or decaying. If we assume
that dN/de, the time rate of change of this amount of substance, is proportional to the amount of substance
present, then dN/di = kN, or

FALLING BODY PROBLEMS

Consider a vertically falling body of mass m that is being influenced only by gravity ¢ and an air resistance
that 15 proportional to the velocity of the body. Assume that both gravity and mass remain constant and, for
convenience, choose the downward direction as the posinve direction.

Newton's second law of motion: The net force acting on a body is equal to the time rate of change of the

momentum of the body,

n -'-1‘ COnsianl mdss,

where Fis the net ,l'l wee ont the 'rf'u'". and v is the veloc 'r'- ".II.I'.I'Ii'I'.'" by, Both at time




A hactenia culture 15 known to grow at a rate proportional to the amount present, After one hour, 1000
strands of the bactena are observed in the culiure; and after four hours, 3000 sirands. Find {«) an expres
sion for the approximate number of strands of the bactena present in the culture at any time 7 and (&) the
approximate number ol strands of the bactena onginallyv in the culture

A =1, N = 1) hence,
1000 = ce

At =4 N=3000; hence,

and o= 1000 ™" = 699




The populaton of a certam country 1s known (0 increase al a rate proportional (o the number of people
presently hiving in the country. If after two years the population has doubled, and after three years the
population 15 20,000, estimate the number of people tmually living 1n the country.




Its solution 1s

Five mice in a stable population of 300 are intentionally infected with a contagious disease o test

a theory of epidemic spread that postulates the rate of change 1n the infected population 1s proportional

to the product of the number of mice who have the disease with the number that are disease free.

Assuming the theory 1s correct, how long will 1t take half the population to contract the disease?

(il

—— = EN(500 = N

Fracciones Parciales

S [ledi=c

SN f'J N M) =N |

(nINI=In|300 N -kt =¢

1

=00

which may be rewritlen as




A metal bar at a temperature of 100°F 1s placed 1n a room at a constant temperature of O°F. If after
20 minutes the temperature of the bar 1s 50°F, find (@) the ume it will take the bar to reach a temperature
of 25°F and (b) the temperature of the bar atter 10 minutes.

50 =100

— 39 6 mun

T= 100" = 100(0.705) = 70.5° F




A body of mass m is thrown vertically into the air with an initial velocity v, If the body encounters an
air resistance proportional to its velocity, find (a) the equation of motion in the coordinate system of
Fig. 7-6, (b) an expression for the velocity of the body at any time ¢, and (¢) the time at which the body
reaches 1ts maximum height.

? Positive x-direction

Rising body

v = pe tkimir _

mg/k




A 50-gal tank imtially contains 10 gal of fresh water. At ¢t = 0, a brine solution contaiming 1 1b of salt per
gallon 1s poured into the tank at the rate of 4 gal/min, while the well-stirred mixture leaves the tank at

the rate of 2 gal/muin. Find (a) the amount of time required for overflow to occur and (£) the amount of

galt 1n the tank at the moment of overtlow.

F= 20 min

f[:_I:]I _ G_I["_-‘.-.:_lu:i:u 26 df E’h] [10+24] _ 10 + 2

o _dO i L
10 + 2:_}% +20 =40 + 8t
(it

ad . - N
—[(10 + 2H Q] =40 + 8¢

ct

(10+20H0 =40t + 4 + ¢

4o+ At +c R,
) = ——— @<

10 + 21

10+ 2(20)

=481b




Reversible Isothermal Process in a Perfect Gas

Calculation of g, w, and AU

Consider the special case of a reversible 1sothermal (constant-T) process in a perfect
gas. (Throughout this section, the system 15 assumed closed.) For a fixed amount of a

1 i
—nRT | ZdV=—nRI(laV; — la71)

1

rev. 1sothermal proc._. perf. gas




